The properties of an infinite system at a continuous phase transition are characterised by non-trivial critical exponents. These non-trivial exponents are related to scaling relations of the thermodynamic potential. The scaling properties of the singular part of the specific entropy of infinite systems are deduced starting from the well-established scaling relations of the Gibbs free energy. Moreover, it turns out that the corrections to scaling are suppressed in the microcanonical ensemble compared to the corresponding corrections in the canonical ensemble.
Introduction
In a mathematically idealised way continuous phase transitions are described in infinite systems although physical systems in nature or in a computer experiment are finite. The singular behaviour of physical quantities such as the response functions is related to scaling properties of the thermodynamic potential which is used for the formulation [1, 2] . Normally the Gibbs free energy is chosen for the description although other potentials also contain the full information about an equilibrium phase transition. The Hankey-Stanley theorem relates the scaling properties of the Gibbs free energy to the scaling properties of any other energy-like potential that is obtained from the Gibbs free energy by a Legendre transformation [3] . However, the thermodynamic properties can also be deduced from entropy-like potentials, the Massieu-Planck functions, that are related to energy-like potentials by partial inversions [4] . In this paper the scaling relation of the Gibbs free energy is translated to the entropy which is related to the degeneracy of configurations with respect to macroscopic quantities. The considerations are concen-trated on systems with algebraically diverging specific heats. Apart from these considerations the paper also intends to give a self-consistent overview of scaling relations in the entropy formalism in the context of continuous phase transitions.
The description of phase transitions in the entropy or microcanonical formalism has gained growing interest in recent years [5] [6] [7] [8] [9] [10] [11] [12] [13] [14] [15] [16] 18] . Apart from the study of discontinuous transitions in spin systems some works also investigated continuous phase transitions in the microcanonical approach [11, 14, 16, 17, 19, 20] . In particular, scaling relations for the entropy of the infinite system have been formulated and corresponding finite-size scaling relations where discussed [11] . In the present work the scaling relations of the entropy in the infinite volume limit are explicitly deduced starting from the well-established scaling properties of the Gibbs free energy by carefully taking care of the partial inversion that has to be carried out to relate energy-like and entropy-like thermodynamic potentials. Apart from the study of phase transitions the microcanonical ensemble has also attracted recent interest for investigating properties of systems with long range interactions for which the different statistical ensemble are not equivalent any more [21] [22] [23] [24] [25] [26] . Other studies in which the microcanonical formalism has been used recently concern biological systems [27] [28] [29] .
The paper is organised as follows. In section 2 the basics of the description of thermodynamic properties of infinite systems in terms of thermodynamic potentials are summarised. The scaling properties of the Gibbs free energy at a continuous phase transition point are briefly discussed in section 3. A corresponding scaling relation for the entropy is formulated. In section 4 the scaling relation of the entropy is shown to be a direct consequence of the scaling relation of the Gibbs free energy. This extends the Hankey-Stanley theorem to potentials that are related to each other by inversions. Section 5 contains some comments on the microcanonical description of systems with a logarithmically diverging specific heat and systems with a cusp singularity in the specific heat. Section 6 then discusses briefly the microcanonical scaling relations in the exactly solvable Gaussian and spherical models. The correction to scaling terms are heuristically discussed for the entropy formalism in section 7. It turns out that the corrections are qualitatively suppressed in the entropy formalism. A short summary of the findings of this paper is given in section 8. The paper is entirely written in the language of ferromagnetic systems.
Thermostatics in the entropy formalism
The basic quantity in the investigation of the statistical properties of a finite magnetic system with N particles is the density of states
The Hamiltonian H provides the energy for any configuration τ from the phase space Γ N of all possible microscopic configurations of the N -particle system. The magnetisation M of the configuration τ is measured by the operator M. The microcanonical entropy density of the finite system with N particles is obtained from the density of states by taking the logarithm
where the energy density is defined by e = E/N , the magnetisation density is given by m = M/N . The thermodynamic properties of the system in the thermodynamic limit are calculated from the entropy
Note that for discrete spin systems with discrete energy and magnetisation densities for finite systems the thermodynamic limit N → ∞ has to be carried out in a more sophisticated way so that the resulting entropy function depends on continuous energy and magnetisation densities [30] . The natural variables of the entropy formalism are the energy and the magnetisation, so that the (inverse) temperature and the magnetic field as conjugate variables are determined by the derivatives: β(e, m) = ∂ e s(e, m) and h(e, m)β(e, m) = −∂ m s(e, m). The response functions of the system are related to the curvature properties of the entropy along the energy and magnetisation direction [11, 16] . The thermostatics of an infinite system can be investigated either in the energy representation or in the entropy representation [4] . Starting from the entropy representation s(e, m) of a magnetic system in the thermodynamic limit, the energy function e(s, m) is obtained by partially inverting the entropy s(e, m) with respect to the first variable e. From the potential e(s, m) one can obtain any other energy-like potential by a Legendre transformation. The Helmholtz free energy is then given by
and the Gibbs free energy is obtained by
As in the thermodynamic limit the thermostatic potentials have well-defined signs of the curvatures along the natural variables one can rewrite the Legendre transformation with the help of derivatives. For the Helmholtz free energy the reformulation results in
wheres is obtained by inverting the relation T = ∂ s e(s, m). Here ∂ s denotes the partial derivative with respect to the variable s. In a sloppier way, this Legendre transform may be denoted as
The connection between the various thermostatic potentials in the thermodynamic limit is schematically depicted as
with LT denoting a Legendre transformation and PI a partial inversion. The thermal properties of a system can also be investigated in a reduced entropy formalism. Indeed, this formalism has been used extensively in the past to study the behaviour of systems by means of the microcanonical entropy [7] [8] [9] [10] 12] . The reduced entropy of the infinite system is defined by
where the energy density e corresponds to the extensive energy E and its conjugate variable (inverse temperature) is β(e) = ∂ e s(e). The specific heat of the system is determined by
At the critical point e c the specific heat diverges and is given by the asymptotic law c(e) ∼ |ε| −αε where the energy deviation from e c is denoted by ε = e − e c and α ε is the microcanonical critical exponent of the specific heat. Again, the entropy as a function of the internal energy can be inverted to give the internal energy as a function of the entropy. The internal energy e(s) is again a thermodynamic potential. It is related to the Gibbs free energy by the Legendre transformation
The relations between the thermodynamic potentials in the reduced formalism are summarised as
where a Legendre transformation is denoted by LT and an inversion by I. The specific heat of the system can also be computed from the Gibbs free energy g(T ) and is given by
It has the form c(T ) ∼ |t| −α near the critical temperature T c . Here the reduced temperature is given by t = T − T c and α is the critical exponent of the canonical specific heat.
Scaling relations for thermodynamic potentials
Near the transition point T c the singular part of the Gibbs free energy satisfies the homogeneity relation
with a positive re-scaling factor λ [1, 2] . Here the magnetic field is denoted by h and t is again the reduced temperature. The critical exponents are related to the degrees of homogeneity a t and a h . The critical exponent α of the canonical specific heat, for example, is given by the expression
Analogously to the treatment of the Gibbs free energy, the Legendre transforms of the Gibbs free energy -the internal energy e(s, m) and the Helmholtz free energy f (T, m) -can be decomposed into a singular part and a regular background. The singular part is again a generalised homogeneous function [3] . For the internal energy, for example, one has the relation
with a positive re-scaling factor λ. The degrees of homogeneity in (15) 
Entropy formalism and scaling in the infinite system
Similarly to the scaling relation of the Gibbs free energy the singular part of the entropy satisfies the scaling relation [11] 
The microcanonical critical exponents can again be expressed in terms of the degree of homogeneity a ε and a m . The exponent α ε , for instance, is given by
In the following it will be demonstrated that the degree a ε equals the degree of homogeneity a σ introduced in the previous section. The scaling hypothesis (16) for the microcanonical entropy of an infinite system was proposed and discussed in the work of Kastner et al [11] .
In the following subsections a heuristic motivation of relation (16) is presented by carefully taking into account the partial inversion that relates energy-like thermodynamic potentials to entropy-like potentials. This partial inversion prevents a direct application of the Hankey-Stanley theorem on Legendre transforms of generalised homogeneous functions. Before the general entropy s(ε, m) is considered, the reduced entropy formalism is investigated and the results are then utilised to consider the general case. The treatment of the reduced entropy formalism has the additional advantage that it makes the argumentation more transparent.
Reduced entropy formalism
The microcanonical degrees of homogeneity and therefore the critical exponents of the microcanonical singularities are related to their canonical counterparts. This is demonstrated in the following for the entropy s(e) whose singular part fulfils the relation
The starting point of the argumentation is the scaling relation of the Gibbs free energy which is then translated to the scaling properties of the internal energy as a function of its natural variable entropy. To this end, the Legendre transformation between the Gibbs free energy and the internal energy is explicitly worked out. Then the internal energy is solved for the entropy leading to the scaling relation for the entropy as a function of the internal energy.
Consider the canonical specific heat c (c) in the vicinity of the critical point t = 0. The specific heat with an algebraic divergence at the critical point is given by 
with positive coefficients P ± , where the subscript plus generally refers to coefficients for positive reduced temperatures (and energies, respectively) and the subscript minus to coefficients for negative reduced temperatures. The exponent α is assumed to be positive and smaller than one. The contribution c b denotes the background to the singular specific heat. One contribution to c b arises from the analytic part of the Gibbs free energy, but it may also contain singular terms that are characterised by exponents smaller than α so that these additional singular terms become unimportant in the limit t → 0. These subdominant singular terms are due to the contribution of irrelevant scaling fields to the singular part of the Gibbs free energy. Integrating the relation
gives rise to the expression
where g b is again the background to the dominating singular contribution. The Gibbs free energy contains a singular part that satisfies the homogeneity relation
with a positive re-scaling factor λ. The degree a t is related to the exponent α by relation (14) . The background free energy g b (t) can be expanded into an asymptotic series giving
with some coefficients s c and Q. A constant contribution that is allowed in general is chosen to be zero and the correction to scaling exponent θ is positive and characterises the next leading term in the expansion of g b . This next leading term might be a quadratic term arising from the regular part of the Gibbs free energy. In this case the exponent θ is just α. However additional non-analytic correction to scaling terms also arise from the singular part of the Gibbs free energy. For the universality class of the three-dimensional Ising model the correction to scaling term is described by a non-integer exponent which is approximately given by θ ≈ 0.5 [31] [32] [33] . In the subsequent considerations it will be argued that the correction term characterised by the exponent θ is unimportant for the dominant behaviour of the Legendre transform of the Gibbs potential in the vicinity of the critical point. The positivity of P ± ensures that the free energy g is concave in the vicinity of the critical point t = 0. The internal energy e as a thermostatic potential depends on the entropy s and is related to g by the Legendre transformation
where the temperature T = t + T c as a function of the entropy s is obtained by inverting the relation
. From relations (21) and (23) one obtains the expression
for the reduced entropy σ(t) = s(t)−s c . In the asymptotic regime t → 0 and therefore σ → 0 expression (25) can be inverted giving the first leading term
Inserting this expression in the functional equation
for the inverse function t of the reduced entropy σ one gets
The functional equation (27) for the inverse t(σ) is therefore satisfied up to a term of order
This shows that the leading correction term characterised by the exponent θ can be neglected in the vicinity of the critical point no matter which part of the Gibbs free energy it arises from. The Legendre transformation (24) therefore yields
in the asymptotic limit σ → 0. The coefficients R ± are given by
and are thus positive for α ∈]0, 1[. The entropy is now obtained by inverting the reduced energy ε(σ) = e(σ) − T c s c . The inversion can be done iteratively. First, the leading (lowest order) term is considered separately and the associated inverse function is worked out. Then, the next order term is included in such a way that the functional equation (27) is satisfied up to the next order. This procedure is then iteratively repeated by successively including further higher order terms. In the limit of small reduced entropies σ and thus small reduced energies ε one gets
An asymptotic expression of the form (32) was already discussed in the literature without establishing the connection to the Gibbs free energy (21), however [7, 9] . The entropy σ(ε) = s(ε) − s c is negatively curved near the critical energy e c = T c s c due to the positivity of the coefficients R ± . The asymptotic series (32) shows that the microcanonical entropy in the thermodynamic limit contains a singular part s s (ε) as a function of the reduced energy ε which satisfies relation (18) . The degree of homogeneity a ε is connected to the canonical degree a t by a ε = 1 − a t . The above considerations show that the scaling law (18) follows from the corresponding relation (22) of the Gibbs free energy.
The microcanonical specific heat that is obtained from relation (32) has the asymptotic form
in the limit of small reduced energies. Note that the appearance of a quadratic term in the expansion (32) would lead to a cusp singularity in the specific heat. Therefore, a quadratic term must be absent in the asymptotic expansion of s(ε) for a system with an algebraically diverging specific heat. The exponent α ε which specifies the divergence of the microcanonical specific heat near the critical energy e c is related to the canonical exponent by
Note that the microcanonical exponent α ε has not to be confused with a Fisher-renormalised exponent [34] . The Fisher-renormalised exponent of α acquires an additional minus sign compared to (34).
General entropy
The argumentation for the reduced entropy in the thermodynamic limit is readily extended to a more general entropy that, in addition to the energy, also depends on the magnetisation. The entropy s(e, m) is obtained from the internal energy e(s, m) by carrying out a partial inversion with respect to the entropy variable (see relation 7). An asymptotic expansion of the internal energy that is consistent with the scaling relation (15) 
The asymptotic expression (35) is chosen to reproduce the singular asymptotic behaviour of physical quantities which is deduced from the scaling relation (15) . Note, however, that certain properties of the internal energy -for an entropy below the critical point, for instance, it has to be constant for magnetisations in the interval [−m sp , m sp ] -are not yet incorporated in (35) , but the argumentation to follow still applies to the concave envelop function of (35) with respect to the magnetisation direction. Defining a new (shifted) energy variablẽ
and the new auxiliary variable
for fixed magnetisations m, the asymptotic series (35) can be re-cast into the expressioñ
which is of the form of the series (30) and has therefore the partial inverse
for small energies˜ and entropies σ. Plugging in the expressions for˜ and θ c and considering the limit of small energies ε and magnetisations m, one finally ends up with the asymptotic expression
These heuristic considerations show that the entropy surface s(ε, m) contains a singular part that satisfies the scaling relation (16) with the degree of homogeneity a ε = a σ = 1 − a t . This is again a consequence of the canonical scaling laws for the singular part of the Gibbs free energy.
Transformation from the temperature to the energy variable
In this section the relation between the microcanonical critical exponents and the corresponding canonical exponents is considered for systems with a specific heat that does not diverge algebraically. A similar treatment can be carried out within a cluster molecular field approximation [35] . Consider first a system whose (canonical) specific heat c (41) for small reduced temperatures t. If the exponent α is positive the constant contribution c 0 can be neglected and one has again the case of an algebraically diverging specific heat. For a negative exponent α, as it can be found, for example, in the XY-model (for a microcanonical investigation, see [36] ) the specific heat has a cusp singularity. In the thermodynamic limit all physical quantities can be expressed as functions of the internal energy. Integrating expression (41) gives
Hence, the dominating term in the limit t → 0 is the linear one if α is negative as 1 − α = 1 + |α| > 1. Therefore, one has ε ∼ t near the transition point in case of a negative α. Consider now a physical quantity a which behaves as a ∼ |t| The consideration above only applies to exponents that characterise the temperature and the energy behaviour of thermostatic quantities of a system with a specific heat which has an algebraic divergence or a cusp singularity. For a logarithmically diverging specific heat (44) when expressed as a function of the internal energy. Although the singularity shows a more complex structure in the energy picture its critical exponent κ ε is identical to the exponent κ specifying the singular behaviour in the canonical ensemble.
Gaussian and spherical model
The Gaussian and in particular the spherical model are continuous spin models that can be solved exactly [37] [38] [39] . These models are therefore often used to discuss properties of phase transitions analytically. In this section the scaling properties of the microcanonical physical quantities and the relation of the corresponding critical exponents to the canonical critical indices are discussed for these models.
The spin variables τ i are defined on the N lattice points on a d-dimensional hypercube and can take on any real value, i. e. τ i ∈ R for i = 1, . . . , N . For both models the Hamiltonian is given by
where the sum extends over all nearest neighbour lattice sites and J is the exchange constant. The magnetisation is given by
The two models differ by the integral measure which is used to calculated the density of states (1): for the Gaussian model, one has
and for the spherical Model one has
In case of the spherical model the phase space is thus the sphere of radius √ N in R N . In the following subsection the analysis of the critical properties of the specific heat is briefly sketched exemplarily for the Gaussian model. The analysis of the critical properties is carried out along the same lines of reasoning as in the case of the spherical model [43] .
Gaussian model
The density of states (1) of the Gaussian model (47) and the corresponding entropy density (3) in the thermodynamic limit N → ∞ can be calculated analytically by applying a saddle point integration (as in case of the spherical model, for details see [43, 44] ). The entropy density is then obtained to be
where z 0 and w 0 as functions of the energy e and the magnetisation m solve the saddle point equations
and In the following the system is considered for zero magnetic field h(e, m) = 0. This equation h(e, m) = 0 determines the equilibrium macrostate (e, m sp (e)) for a given energy e. The corresponding equilibrium temperature is defined to be β 0 (e) = β(e, m sp (e)). From relation (51) one gets in zero field the equation 2m sp (e)(1 − β 0 (e)dJ) = 0, which has to be obeyed by the spontaneous magnetisation m sp (e). This equation has the trivial solution m sp (e) = 0. A non-zero spontaneous magnetisation is only possible if the bracket vanishes, i. e. if β 0 = 1/(dJ). This, however, is not possible as β 0 (e) has to be in ] − 1/(dJ), 1/(dJ)[. Thus, the Gaussian model does not exhibit a non-zero spontaneous magnetisation. The temperature β 0 cannot exceed β c := 1/(dJ) which reflects the breakdown of the Gaussian model for low temperatures [40, 42] . If the Gaussian model possesses a phase transition in zero magnetic field in any dimension d it has to occur at the temperature β c .
With w 0 = 0 corresponding to zero magnetic field, one gets from the saddle point equation (50) an expression for the energy e that corresponds to the temperature β 0 :
As the specific heat (9) in the thermodynamic limit is positive there exists a one-to-one correspondence between the energy e and the corresponding temperature β 0 (e). This allows the calculation of the energy which corresponds to a given temperature instead of solving the integral equation (52) 
In the limit ϕ j → 0, j = 1, . . . , d, the sum j cos ϕ j tends to d and thus the vanishing denominator in (53) might cause a diverging integral. For small ϕ j the denominator can be approximated by to whom the dominant small ϕ j contributions to the integral (53) are proportional. The modulus of the vector (ϕ 1 , . . . , ϕ d ) is here denoted by ϕ. For one and two dimensions this factor diverges in the limit δ → 0 and one has e c = −∞ which means that the Gaussian model does not undergo a phase transition in these dimensions. For dimensions greater than two the limit δ → 0 exists and hence the (critical) energy e c is finite and the model will have a phase transition. For energies e below this critical energy e c , however, the Gaussian model is not defined for d > 2. For d ≤ 2 dimensions the Gaussian model is well-defined in the microcanonical formalism with the energy e as its natural variable.
The specific heat in zero magnetic field can be computed by differentiating equation (50):
A divergence of the specific heat might again be caused by the contributions to this integral coming from small ϕ j . Performing a similar analysis as above one finds that the specific heat diverges at e c for dimensions 2 < d ≤ 4. In dimensions d > 4 the specific heat of the Gaussian model stays finite.
In the remaining paragraphs of this subsection the character of the divergence of the specific heat in 2 < d ≤ 4 dimension is investigated. To this end the variable ϑ > 0 is defined by β 0 (e) = β c − ϑ(e), so that ϑ measures the deviation of the temperature form the critical temperature β c . Defining the integral
one has ε = e − e c = R(ϑ(e)) − R(0) for the deviation of the energy e from the critical value e c . For small positive ϑ one has the asymptotic relations [45] 
In the vicinity of the critical energy e c , i. e. for small ϑ, the specific heat is now given by c 0 (e) ∼ β 2 c R (ϑ) from which the behaviour for small positive values of ϑ can be obtained in view of (56). Using relation (56) to express ϑ as a function of ε one has therefore the asymptotic relation c 0 (ε) ∼ ϑ
The algebraically diverging specific heat is hence characterised by the critical exponent α ε = (4 − d)/(d − 2) which is related to the canonical critical exponent α = (4 − d)/2 (see, e. g., [40] [41] [42] ) by the relation α ε = α/(1 − α). For the case d = 4 one has c 0 (e) ∼ − ln ϑ and thus the dominant term in the limit ε → 0 is given by c 0 (ε) ∼ − ln ε in view of (56). The specific heat diverges therefore logarithmically in four space dimensions.
In the canonical ensemble the temperature is one of the natural variables. The Gaussian model is not defined for a temperature T below the value T c = dJ. The microcanonical ensemble on the other hand has the energy as one of its natural variables. As demonstrated above the Gaussian model in dimensions d ≤ 2 is defined for all possible energies although the conjugate variable temperature cannot be smaller than the value T c . For dimensions d > 2 there exists a finite critical energy e c and the Gaussian model in the microcanonical formalism is not defined for energies e below the critical value. In the case of an algebraically diverging specific heat the microcanonical and the canonical critical exponents are related via equation (34) . This relation is indeed satisfied by the critical exponents of the Gaussian model in 2 < d < 4 dimensions. In four dimensions the specific heat diverges logarithmically in both approaches. For dimensions larger than four the specific heat stays finite and the corresponding critical exponent is zero. The singular behaviour of the specific heat of the Gaussian model in the various dimensions nicely demonstrate the discussed general interrelation of the scaling properties of microcanoncial and canonical physical quantities at phase transitions points.
Spherical model
The spherical model exhibits a continuous phase transition for dimensions larger than two with critical exponents that can be determined analytically both in the canonical ensemble [37, 39] and in the microcanonical ensemble [43, 44] . The canonical critical exponent of the specific heat is given by
and is in particular negative, suggesting that the divergence of the microcanonical specific heat is characterised by the same exponent. This is indeed found by analysing the critical properties in the entropy formalism [43] . For dimensions d > 4 the specific heat shows a jump singularity. The order parameter is characterised by the exponent β = 1/2 for all dimensions d > 2 near the critical point again for both the canonical and the microcanonical ensemble.
Corrections to scaling in the entropy formalism
In this subsection the correction to scaling in the microcanonical ensemble is briefly considered for the reduced entropy formalism from a heuristic point of view. The starting point is again the Gibbs free energy which is of the form
near the critical point t = 0. As the exponent θ is assumed to be positive the correction to scaling term characterised by θ vanishes in the limit of small reduced temperatures t. Note again that the exponent θ is approximately 0.5 for systems of the universality class of the three-dimensional Ising model. In section 4 the reduced entropy σ(t) was inverted for the limit t → 0. In this asymptotic limit the correction term can be neglected leading to the expression (26) for t(σ). The expression for t(σ) can now be improved by including higher order terms so that the functional equation (27) 
where the coefficient U + is given by
heat at the continuous phase transition point these scaling relations have been demonstrated to be direct consequences of the corresponding well-established scaling properties of the Gibbs free energy. This connection extends the Hankey-Stanley theorem to thermodynamic potentials which are related to each other by partial inversions. Moreover, the corrections to scaling in the entropy formalism can also be linked to the corresponding corrections in the description based on the Gibbs free energy. It turns out that the corrections to scaling are suppressed in the entropy formalism. The considerations show that the critical exponents describing the singular behaviour in the microcanonical description are renormalised with respect to the canonical exponents. The discussion of a logarithmic specific heat and of a specific heat with a cusp singularity showed that the microcanonical and the canonical critical exponents are identical in these two cases.
